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Friction Factor and Nusselt Number for Thermoacoustic
Transport Phenomena in a Tube

Guoqiang Lu ¤ and Ping Cheng†

Hong Kong University of Science and Technology, Hong Kong, People’s Republic of China

The transport phenomena for a viscous compressible oscillating � ow (with a zero mean velocity) in a tube
subjected to a prescribed cycle-steady axial temperature gradient are analyzed. The governing equations are
linearized under the conditions of high oscillating frequencies, small amplitudes, and in a tube with a high length-
to-radius ratio. Based on a linearized theory, an analyticalexpression is obtained for the local friction factor, which
depends on the prescribed cycle-steady axial temperature and independent of time. The local friction factor is
shown to be a complex number indicating a phase shift between the cross-sectional averaged velocity and the local
pressure gradient.Closed-form analyticalexpressions are also obtained for the temperature distributionand for the
Nusselt number of solid/� uid interfacial heat transfer by solving the energy equations of the � uid and solid phases.
The Nusselt number is also a complex number indicating a phase shift between the heat � ux and the temperature
difference between the wall and the oscillating � uid. The magnitude of the Nusselt number is also dependent on
the prescribed axial cycle-steady temperature and independent of time, and is related to dimensionless thermal
property parameters, dimensionless geometrical parameter, and dimensionless operation conditions parameters.
To understand the momentum transport and energy transport characteristics, the radial distributions of axial
velocity and temperature of the � uid are presented for different ratios of the inner radius with respect to � uid’s
viscous penetration depth. Particular attention is given to the transport phenomena in the following two limiting
cases: 1) a viscous compressible oscillating � ow in a porous medium based on a capillary-tube model, and 2) a
viscous compressible oscillating � ow in a resonant tube of a thermoacoustic refrigerator or in a pulse tube of a
Stirling-type pulse-tube refrigerator.

Nomenclature
A = cross-sectionalarea
a = local speed of sound
C p = thermal capacity
f = friction factor
h = interfacial heat transfer coef� cient
i = unit complex number
J j ( g ) = Bessel function of the � rst kind of order j
k = thermal conductivity
L = length
Nu = Nusselt number
Pr = Prandtl number
p = pressure
R = gas constant
Ri = inner radius
Ro = outer radius
r = radial coordinate
s = amplitude of motion
T = temperature
u = axial velocity
v = radial velocity
x = axial coordinate
Y j ( g ) = Bessel function of the second kind of order j
a = thermal diffusivity
c = ratio of speci� c heats
D = Ro / Ri

d m = � uid’s viscous penetration depth
e = ks,0 r s / k0 r
g 0 = (i ¡ 1)Ri / d m

l = viscosity
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m = kinematic viscosity
q = density
r = ( m 0 / a 0)1/ 2, Pr 1/ 2

r s = ( m 0 / a s,0)1/ 2

u = (a / x L)2(1/ T0)(dT0 / dx)(1/ p)(@p / @x)
X = certain physical quantity
x = angular velocity

Subscripts

d = amplitude
s = solid
0 = cycle average
1 = � rst harmonic order

Superscripts

¯ = cross-sectionalaverage
¤ = dimensional quantities

Introduction

R ECENTLY, renewed interest has been given to the study of
thermoacoustic refrigerators and pulse-tube refrigerators be-

cause these devices use non-chloro�uorocarbon (CFC) refrigerants
that are environmentally benign. Such a device usually consists of
several components in series: a pressure waves generator, a porous
medium regenerator, a cylindrical void tube, two heat exchangers,
and a reservoir. The viscous compressible oscillating � ow in these
devicesis generatedby thepressurewavegenerator.As a resultof the
periodic expansion and compression of the gas, the temperature at
the cold-endheat exchangergraduallydecreasesuntil a speci� c lon-
gitudinalcycle-averagetemperaturegradient is established,which is
identi� ed as a cycle-steadycondition.Experiments show that there
is a speci� c cycle-steadytemperature gradient for a given geometry
of the refrigerator at a given set of operating conditions.1,2 We will
call this speci� c longitudinalcycle-averagetemperature gradient as
the cycle-steady temperature gradient in this paper.

The linearized theory3 ¡ 5 has been used in most of the early work
on the study of the thermoacoustic transport phenomena in a tube
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or between two parallel plates. For these problems with simple and
� xed boundary conditions, analytical solutions are possible. In the
pioneering work of Rott,3,4 the governing equations for an axisym-
metric viscous compressible oscillating � ow are linearized for the
case of high oscillating frequencies, with small oscillation ampli-
tudes in a long tube with a prescribed axial temperature gradient.
He obtained analytical solutions for radial distributionsof velocity
and temperature for such a viscous compressible oscillating � ow
in a tube. Swift5 presented an extensive review on thermoacoustic
machines and extended Rott’s3,4 thermoacoustic theory by consid-
ering the conjugate heat transfer problem in the � uid as well as in
the solid. Based on Rott’s3,4 and Swift’s5 linearized theory, Xiao6

obtained analytical solutions for velocity and temperature distribu-
tions of a two-dimensionalviscous compressibleoscillating � ow in
a tube and between parallel plates with different thermal boundary
conditions on the outer surface of the wall.

To study the performanceof a thermoacousticmachineconsisting
of several heat transfer components in series and with axial bound-
ary conditionsbetweendifferentcomponentscoupledandunknown,
it is more convenient to use a transient one-dimensionalnumerical
model. In these transient one-dimensionalmodels, however, corre-
lation equations of the friction factor and the interfacial heat trans-
fer coef� cient for a viscous compressible oscillating � ow must be
known a priori. In this connection, note that the correlation equa-
tions for the friction factor and the heat transfer coef� cient in a
regenerator obtained by Kays and London7 and Tanaka et al.8 were
based on measurements of a steady unidimensional � ow. If these
correlation equations were used for the numerical simulation of an
oscillating � ow in a thermoacoustic machine, it would lead to se-
rious errors because the phase shifts of the friction factor and heat
transfer coef� cient with respect to the velocity, due to transient ef-
fects, are not taken into consideration. In a recent paper, Watanabe
et al.9 performed an analysis on oscillating viscous compressible
� ow between parallel plates. They assumed that the interfacial heat
transferconsistedof two heat transfer operators:one due to the axial
temperature gradient and the other due to a difference between the
wall temperature and the � uid temperature of the oscillating � ow.
Based on a linearized theory, they obtainedan analyticalexpression
for the interfacial heat transfer.

In this paper, analyticalsolutionsfor the friction factor and the in-
terfacial Nusselt number of a viscous compressible � ow oscillating
at high frequencies in a tube, subjected to a prescribedcycle-steady
axial temperaturegradient, are obtainedbased on the � rst-order lin-
earized equations. The conventional de� nition of solid/� uid inter-
facial heat transfer coef� cient is adopted here, which differs from
that of the work of Watanabe et al.9 We chose to study a cylin-
drical con� guration because most of thermoacoustic machines are
of cylindrical shape, and the porous medium regenerators in these
machines can be simpli� ed by a capillary-tube model. The friction
factor of such a viscous compressibleoscillating� ow in a long tube
is obtained. It is shown that the friction factor is a complex num-
ber because of the phase shift between the cross-sectional veloc-
ity and pressure gradient. Its magnitude depends on the prescribed
cycle-steadytemperaturebecause the viscosity is a functionof tem-
perature. An analytical expression of the Nusselt number for the
solid/� uid interface is obtained by solving the � rst-order conjugate
heat transfer problem in the � uid and the solid phases. The friction
factor and the Nusselt number presented in this paper can be used
for the numericalsimulationof the performanceof a thermoacoustic
machine using a transient one-dimensionalmodel.

It should be emphasized that the results of the present work are
not applicable to a viscous compressible � ow oscillating at a low
frequency with large pressure � uctuations, where the assumptions
of the thermoacoustic theory are not valid. For this case, one may
refer to the work by Bauwens,10 in which a perturbation solution
valid for a two-dimensional viscous compressible � ow, oscillating
at a low frequency with large � uctuations, is obtained.

Physical Model
We now study the transportphenomenaof a viscouscompressible

� ow oscillating in a cylindrical tube with a length L having an outer

Fig. 1 Schematic diagram.

radiusof Ro and an inner radiusof Ri as shownin Fig. 1. We consider
the case where the outside of the cylindrical tube is insulated and
there exists a cycle-steady axial temperature gradient in the � uid
and solid due to the periodic expansion and compression of the
compressible oscillating � ow, which occurs in a thermoacoustic
machine as mentioned in the previous paragraph. The governing
equations for an axisymmetric viscous compressible � ow in a tube
are the continuity equation, Navier–Stokes equations in the axial
and the radial directions, and energy equations for the � uid and the
solid,aswell as the state equation.The linearizationof thegoverning
equationsfor a viscousoscillatorycompressible� ow was discussed
bySwift,5 and we will not repeat it here.However, to make thispaper
self-contained,we will state the assumptionsmade in the following
analysis.

Assumption 1: The oscillating frequency of the � ow is high, and
the wavelength of the oscillating � ow is much smaller than the tube
length so that the percentage change of the absolute temperature
over the amplitude of the motion is small. As discussed by Rott,4

this assumption is valid if oscillatingamplitudes of physical quanti-
ties are small, and s(d log T0 / dx) ¿ 1, where T0(x) is the prescribed
cycle-average temperature. This assumption is applicable in a ther-
moacousticmachine because it is always operatedat a near resonant
frequencywith small oscillatingamplitudes.This assumptionis also
applicableto a Stirling-typepulse-tuberefrigeratoroperatingat high
frequencies.

Assumption2: The tube is long such that L À Ro > Ri . Under this
assumption, we can neglect the viscous effect due to axial velocity
gradient in the axial Navier–Stokes equation based on an order of
magnitude analysis. Similarly, we can neglect the axial heat con-
duction terms in the energy equations for the � uid and the solid
compared to the radial heat conduction terms. In addition, work by
viscous forces can also be neglected in the � uid energy equation.
Furthermore, the radial momentum equation can be neglected, and
the pressure can be considered to be independent of radial coordi-
nate, that is,

@p

@r
= 0 (1a)

or

p = p(x , t ) (1b)

where t is the time coordinate. Note that Eqs. (1a) and (1b) are of
the same form as those in the boundary layer theory.

Assumption 3: To simplify the problem, we follow the previous
studies3 ¡ 6 by assuming that the cycle-average oscillating velocity
of the � uid equals to zero. Thus, we take u0 =0 and v0 = 0.

We now decompose all of the physical quantities into time-
average quantities and time-varying quantities as

X (x , r, t ) = X 0(x , r) + X 1(x , r, t ) + ¢ ¢ ¢ (2a)

where X is a certainphysicalquantitysuch as temperature,pressure,
velocity, density, or other thermal property, with the subscript 0
denoting the zero-order quantity and the subscript 1 the � rst-order
harmonic quantity, the latter of which is small in comparison with
the zero-order quantity according to the � rst assumption. We now
substitutethephysicalquantitiesgivenbyEq. (2a) into thegoverning
equations, and neglect the high-order quantities due to their small
orders. This leads to the following zero-order equations:

@p0

@x
= 0 (2b)

p0 = Rq 0T0 (2c)
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k
@2T0

@r 2
= ks

@2Ts,0

@r 2
= 0 (2d)

where k and ks are the thermal conductivitiesof the � uid and solid,
respectively,which are temperaturedependent.Equation (2b) is ob-
tained by substituting Eq. (2a) into the axial momentum equation,
which indicates that the mean pressure is a constant independentof
axial and radial positions. Equation (2c) is derived from the state
equation, and Eq. (2d) is from the energy equations. Moreover, by
substituting Eq. (2a) into the radial boundary condition of the tem-
peratures, we have

r = Ri : k
@T0

@r
= ks

@Ts, 0

@r
(2e)

T0 = Ts,0 (2f)

r = Ro:
@Ts, 0

@r
= 0 (2g)

From Eqs. (2d–2g), we have

T0 = Ts,0 (2h)

@T0

@r
=

@Ts,0

@r
= 0 (2i)

Therefore, a further simpli� cation can be made to the zero-order
quantities, such as temperatures, pressure, and density, which are
independent of time and are also independent of radial position.
The determination of T0(x) analytically is beyond the scope of
the present study. In the following, we will assume that T0(x) is
prescribed.

The � rst-order equations are of particular interest in the present
work. As a result of the � rst assumption indicating that the acous-
tic wavelength of the oscillating � ow is much smaller than the
tube length, we can neglect the convective terms u1(@u1 / @x) and
v1(@u1 / @x) compared to the transient term @u1 / @t in the � rst-order
axial momentum equationbased on an order of magnitudeanalysis.
However, the case of the � rst-order � uid energy equation is some-
what different due to the existence of a large axial cycle-steady
temperature gradient. Thus, the term u1(dT0 /dx) should not be ne-
glected, althoughwe can neglect terms u1(@T1 / @x) and v1(@T1 / @x)
compared to the transient term @T1 / @t similar to the case in the
� rst-order axial momentum equation. As a result, the � rst-order
equations are further simpli� ed. The resulting equations can be ex-
pressed in a dimensionless form by scaling the radial coordinateby
the inner radius Ri , axial coordinate by the tube length L, time by
the 1/ x , temperature by the local cycle-average temperature T0(x),
pressure by the local cycle-averagepressure p0 = Rq 0T0 , and velo-
city by the local speed of sound a =

p
( c RT0), where x is fre-

quency. Suppose that the � rst-order harmonic quantities are of the
form X 1(x , r, t ) = X d (x, r )ei x t + i " , where " is a phase angle, then
we have @X 1 / @t = iw X 1. This leads to the followingdimensionless
� rst-order equations:

i q +
a

x Ri

1
r

@

@r
(vr) +

1
x L q 0

@

@x
(auq 0) = 0 (3)

iu = ¡
a

x L c

@p

@x
+

m 0

x R2
i

1
r

@

@r
r

@u

@r
(4)

i T +
a

x L

1
T0

dT0

dx
u =

c ¡ 1
c

i p +
a 0

x R2
i

1
r

@

@r
r

@T

@r
(5)

i Ts =
a s,0

x R2
i

1
r

@

@r
r

@Ts

@r
(6)

p = q + T (7)

with the radial boundary conditions

r = 0:
@T

@r
= 0 (8a)

@u

@r
= 0 (8b)

r = 1: u = 0 (9a)

T = Ts (9b)

k0
@T

@r
= ks,0

@Ts

@r
(9c)

r = D =
Ro

Ri
:

@Ts

@r
= 0 (10)

where we have omitted the subscripts 1 in the dimensionless � rst-
order quantities such as density, pressure, velocity, and temper-
atures. The coef� cients m 0 , a 0, and a s, 0 in Eqs. (4–6) are the
kinematic viscosity and thermal diffusivities of the � uid and the
solid evaluated at the temperature T0(x), respectively. Note that
@p / @x = @p(x , t) / @x in Eq. (4) and dT0(x) / dx in Eq. (5), both of
which are independent of r , the radial coordinate.

Momentum Transport
The solution of Eq. (4) subjected to the boundary conditions

Eqs. (8b–9a) is

u =
ai

x L c

@p

@x
1 ¡

J0( g )
J0( g 0)

(11)

where g = g 0r with g 0 = (i ¡ 1)(Ri / d m ) in which d m = (2 m 0 / x )1/ 2 is
the � uid’s viscouspenetrationdepth,and J0( g ) is theBessel function
of the � rst kindof orderzero.Note thatthe � uid’s viscouspenetration
depth d m depends on T0(x) or axial position because the viscosity
m 0 depends on T0(x). The dimensional form of Eq. (11) was given
earlier by Rott3,4 and Xiao.6

We now de� ne cross-sectionalaverage quantities as

¯X (x , t ) =
1
A0 A0

X (x , r, t ) dA

where X is any physicalquantity and A0 is cross-sectionalarea. An
area integration of Eq. (11) leads to

ū = 1 ¡
2
g 0

J1( g 0)
J0( g 0)

ai

x L c

@p

@x
(12)

where J1( g 0) is the Bessel function of the � rst kind of order one.
Equation (12) indicates that the cross-sectionalaveragedvelocity in
a tube is proportionalto the pressuregradient,which suggests that it
is convenient to express the relationshipbetween the cross-sectional
averaged velocity and the axial pressure gradient by introducing a
friction factor for a compressible oscillating � ow in a tube. This
friction factor f can be expressed as

1
f

=
2i

g 0

J1( g 0)
J0( g 0)

¡ i (13)

Consequently, Eq. (12) can be rewritten as

@p

@x
= ¡ f

x L c

a
ū (14)

The minus sign on the right-hand side in Eq. (14) is to keep the
form similar to that of the steady unidimensional� ow in which the
directionof velocity in a tube is oppositeto that of pressuregradient.

The friction factor f , given in Eq. (13), shows that it depends
only on the dimensionlessquantity g 0 = (i ¡ 1)(Ri / d m ) or a real di-
mensionless quantity Ri / d m . Note that, for a � xed inner radius, the
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Fig. 2 Variation of 1/f with respect to Ri/±º .

friction factor f depends on the local cycle-average temperature
because the � uid’s viscous penetration depth d m depends on the lo-
cal cycle-average temperature.The friction factor f in Eq. (13) is a
complex number, which indicates that there is a phase shift between
the pressuregradient and the cycle-averagevelocitydue to the tran-
sient term in Eq. (4). Thus, the friction factorof a compressible� ow
oscillating at a high frequency depends on the local cycle-average
temperature and subject to a phase shift between the velocity and
pressure gradient. These characteristics are different from those of
a steady unidirectional incompressible� ow.

The variation of the reciprocal of friction factor f with respect
to Ri / d m is shown in Fig. 2. The reason for plotting a graph of
1/ f vs Ri / d m instead of f vs Ri / d m is to avoid an in� nite value
of f when Ri / d m approaches zero so that the vertical coordinate in
Fig. 2 is � nite. From Fig. 2, we can see that when Ri / d m approaches
zero, the complex modulus and phase angle of 1/ f also approach
zero. In other words, the complex modulus of the friction factor f
approaches to an in� nite value while its phase angle approaches to
zero. Physically, if the inner diameter Ri of the tube is too narrow,
that is, far smaller than the � uid’s viscouspenetrationdepth d m , then
the � ow cannot penetrate it. Another possible case is the � uid’s
viscous penetration depth d m is too thick, and the � ow also cannot
penetrate it due to the large viscosity. It is also shown in Fig. 2 that
the values of 1/ f are almost independentof Ri / d m when Ri / d m À 1,
which seems to be reasonable because the viscous effect can be
neglected for the � ow in a tube with inner radius much larger than
the � uid’s viscous penetration depth d m . The limiting case is

lim
g 0 ! 1

(1/ f ) = ¡ i

which implies that the pressure gradient has a phase lag of 90 deg
from that of cross-sectional average velocity when Ri / d m À 1 ac-
cording to Eq. (14). Additionally, Fig. 2 also shows that the phase
angleof 1/ f ranges from0 to ¡ 90 deg for any value of Ri / d m ; there-
fore, the phase angle of friction factor f ranges from 0 to 90 deg,
which indicates the range of phase shift between the pressure gra-
dient and cross-sectional average velocity is from 180 to 270 deg
according to Eq. (14).

To understand the momentum transport characteristic further, it
is useful to present the radial velocity pro� les in a graphical form.
From Eqs. (11) and (12), we have

u

ū
= 1 ¡

J0( g )
J0( g 0)

1 ¡
2
g 0

J1( g 0)
J0( g 0)

=
u

ū
ei " r (15)

The complex modulus j u / ū j and phase angles " r for different val-
ues of Ri / d m are presented in Fig. 3. It is shown that the oscillating
amplitudes and phase differences of axial velocity at the different
radial locations with respect to those of cross-sectionalaverage ve-
locity are different. This is because the shape of the velocity pro� le
is in� uenced by the inertia force, pressure gradient, and viscous
force. Consider the case of Ri / d m ¿ 1, that is, the case where the
inner radius of the tube is much smaller than the � uid’s viscous

a) Ri/±º = 0:1 b) Ri/±º = 1 c) Ri/±º = 10

Fig. 3 Relative amplitudes and phase angles of velocities at different
values of Ri/±º : ——, complex modulus, and - - - -, phase angle.

penetration depth, such as the � ow in a regenerator, which may be
referred to as � ow in a narrow tube. As shown in Fig. 3a, one can
� nd that the phase shift for this case is very small, approaching
zero, and the complex modulus appears as a parabolic curve. The
case of Ri / d m À 1 correspondingto the case where the inner radius
of the tube is much larger than the � uid’s viscouspenetrationdepth,
which may be referred to � ow in a tube with a large diameter, such
as a resonant tube in a thermoacoustic refrigerator or a pulse tube
in a pulse-tube refrigerator. As shown in Fig. 3c, one can see that
the velocity overshoot appears near the wall in this case. It is also
shown that the effect of viscosity in the tube is con� ned within a
thin layer, and the � ow in the main domain appears to be a plug
� ow. It is shown that the phase angle of the � ow near the wall is
more advanced than that of the � ow near the centerline of the tube
in Fig. 3.

Dimensionless axial velocity variations with respect to time
are shown in Fig. 4, where the vertical coordinate is for the ax-
ial velocity and the horizontal coordinate is for the radial po-
sition. The value of the axial velocity is scaled as < (u)/ j ū j =
< (Udei x t + i " r ) / j ū j = j u / ū j cos( x t + " r ), where < is the real part
and " r is the phase angle, and the values of amplitude j u / ū j and
phase angle " r are presented in Fig. 3.

Energy Transport
The interfacialheat transfer coef� cient h between the solid phase

and the oscillating � ow in a tube is de� ned as

h =
k(@T ¤ / @r ¤ )r ¤ = Ri

T̄ ¤
s ¡ T̄ ¤

=
k0

Ri

(@T / @r)r = 1

T̄s ¡ T̄
(16)

where T̄s and T̄ are the cross-sectionalaveraged temperaturesof the
solid phase and the oscillating � ow, respectively.A cross-sectional
averaging of Eqs. (5) and (6) leads to

i T̄ +
a

x L

1
T0

dT0

dx
ū =

c ¡ 1
c

i p +
2 a 0

x R2
i

@T

@r
r = 1

(17)

i T̄s = ¡
2 a s,0

x R2
o ¡ R2

i

@Ts

@r
r = 1

= ¡
2 a s,0

x R2
o ¡ R2

i

k0

ks, 0

@T

@r
r = 1

(18)

where we have used the boundaryconditionof Eq. (9c) and Eq. (10)
in Eq. (18). De� ne Nusselt number Nu =2h Ri / k0 and substitute
Eqs. (17) and (18) in Eq. (16) to give

1
Nu

=
i a s,0

x R2
o ¡ R2

i

k0

ks, 0

+
i a 0

x R2
i

¡
c ¡ 1

2 c
p +

ia

x L

1
T0

dT0

dx
ū

@T

@r
r = 1

(19)
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a) Ri/±º = 0:1 b) Ri/±º = 1 c) Ri/±º = 10

Fig. 4 Velocity variationswith respect to time at different values of Ri/±º : 1, !t = 0; 2, !t = ¼/6; 3, !t = ¼/3; 4, !t = ¼/2; 5, !t = 2¼/3; and 6, !t = 5¼/6.

To determine (@T / @r )r = 1 , we now return our attention to
Eqs. (3–10), which can be solved to give

T =
b1

1 ¡ r 2

J0( r g )
J0( r g 0)

¡
r 2

1 ¡ r 2

J0( g )
J0( g 0)

¡ 1
1
c

a

x L

2

£ @p

@x

1
T0

dT0

dx
+ 1 ¡

1

1 ¡ b2

J0( r g )
J0( r g 0)

c ¡ 1
c

p (20)

where coef� cients b1 and b2 are given as follows:

b1 =
r J1( g 0)
J0( g 0)

Y1( r s D g 0)
J1( r s D g 0)

¡
Y0( r s g 0)
J0( r s g 0)

¡ e
J1( r s g 0)
J0( r s g 0)

Y1( r s D g 0)
J1( r s D g 0)

¡
Y1( r s g 0)
J1( r s g 0)

J1( r g 0)
J0( r g 0)

Y1( r s D g 0)
J1( r s D g 0)

¡
Y0( r s g 0)
J0( r s g 0)

¡ e
J1( r s g 0)
J0( r s g 0)

Y1( r s D g 0)
J1( r s D g 0)

¡
Y1( r s g 0)
J1( r s g 0)

(21)

b2 =
1
e

J1( r g 0)
J0( r g 0)

Y1( r s D g 0)
J1( r s D g 0)

¡
Y0( r s g 0)
J0( r s g 0)

J1( r s g 0)
J0( r s g 0)

Y1( r s D g 0)
J1( r s D g 0)

¡
Y1( r s g 0)
J1( r s g 0)

(22)

with r = ( m 0 / a 0)1/ 2 = Pr1/ 2 , r s = ( m 0 / a s,0)1/ 2 , and e = ks,0 r s / k0 r .
Note that dimensionlessquantities r , r s , and e are thermal property
parameters that dependon local temperatureT0(x). The temperature
distribution given by Eqs. (20–22) are much simpler in form than
those dimensional solutions obtained by Xiao6 for the special case
where the outside of the tube is thermally insulated.An integration
of Eq. (20) across the cross-sectionalarea leads to

T̄ =
b1

1 ¡ r 2

2
r g 0

J1( r g 0)
J0( r g 0)

¡
r 2

1 ¡ r 2

2
g 0

J1( g 0)
J0( g 0)

¡ 1
1
c

a

x L

2

£ @p

@x
1
T0

dT0

dx
+ 1 ¡

1
1 ¡ b2

2
r g 0

J1( r g 0)
J0( r g 0)

c ¡ 1
c

p (23)

where T̄ is the cross-sectional average temperature. Equation (23)
indicates that the � uctuation of local mean temperature consists of
two parts: The � rst term is due to local cycle-steady temperature
gradient and local pressure gradient, whereas the second term is

due to local pressure � uctuation. The dimensionless temperature
distribution is given by

T

T̄
=

b1

1 ¡ r 2

J0( r g )
J0( r g 0)

¡
r 2

1 ¡ r 2

J0( g )
J0( g 0)

¡ 1 u

+ 1 ¡
1

1 ¡ b2

J0( r g )
J0( r g 0)

( c ¡ 1)

b1

1 ¡ r 2

2
r g 0

J1( r g 0)
J0( r g 0)

¡
r 2

1 ¡ r 2

2
g 0

J1( g 0)
J0( g 0)

¡ 1 u

+ 1 ¡
1

1 ¡ b2

2
r g 0

J1( r g 0)
J0( r g 0)

( c ¡ 1) (24)

where dimensionless quantity

u =
a

x L

2
1
T0

dT0

dx
1
p

@p

@x

depends only on axial location x and is independent of time for
a � xed operation condition. This is because, under the harmonic
assumption,

1
p

@p

@x
=

1
pdei x t + i "

@ pd ei x t + i "

@x
=

1
pdei "

@ pd ei "

@x

where pd is the oscillating amplitude of the pressure that depends
on axial location and is independent of time. Note that the sign of
the dimensionless quantity u depends on the local pressure and the
local temperature gradients.

Equation (24) was computed for different values of Ri / d m under
the following conditions:

1) The � uid is helium gas, and the tube is made of stainless steel.
2) Mean workingpressureis p0 = 1 MPa, and at a local zero-order

temperature, T0 = 80 K.
3) The geometrical parameter D is assumed to be equal to 1.12,

which is related to porosity of the porous medium if the porous
medium is considered to be a bundle of capillary tubes.

Under these conditions and with the thermal properties given
by Scott,11 the dimensionless parameters are given by r =0.876,
r s =0.447, e =86.469, and c = 1.667.Figure 5 shows distributions
of relative amplitudes and phase angles of temperatures at different
radial locations for different Ri / d m at u = 1. For the case of u = ¡ 1,
distributionsof amplitude and phaseangle are similar to Fig. 5 if the
other conditions are identical. Physical meanings of complex mod-
ulus and phase anglesof the dimensionlesstemperaturepresentedin
Fig. 5 are similar to thoseof the dimensionlessvelocitydistributions
discussedearlier. For the case of Ri / d m =1, as shown in Fig. 5c, the
complex modulus appears to be of a parabolic shape; its pro� le is
similar to that of the velocity (see Fig. 3), and there are phase shifts
at different radial locations. For the case of Ri / d m ¿ 1, as shown in
Fig. 5a, the complex moduli of the axial velocity have almost the
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a) Ri/±º = 0:1 b) Ri/±º = 0:5 c) Ri/±º = 1 d) Ri/±º = 10

Fig. 5 Relative amplitudes and phase angles of temperature for different values of Ri/±º : ——, complex modulus, and - - - -, phase angle.

a) Ri/±º = 0:1 b) Ri/±º = 0:5 c) Ri/±º = 1 d) Ri/±º = 10

Fig. 6 Temperature variations with respect to time for different values of Ri/±º at Á = 1: 1, !t = 0; 2, !t = ¼/6; 3, !t = ¼/3; 4, !t = ¼/2; 5, !t = 2¼/3;
and 6, !t = 5¼/6.

same value,whereasdifferencesin phaseangleareverysmall.Math-
ematically, it can be shown that limg 0 ! 0 (T / T̄ ) =1, which indicates
that oscillatingamplitudes at different radial locations approach an
identical value with radial differences of phase angles approaching
zero degree when Ri / d m ¿ 1. Nevertheless, there are still small de-
viations of amplitude and phase angle from their limits as shown in
Fig. 5a. Mathematically, it can be shown that the � rst braced term in
the numerator in Eq. (24) approaches zero while the second braced
term in the numerator in Eq. (24) dominates the temperature pro-
� le when Ri / d m ¿ 1, which leads to the conclusion that the local
temperature variations in Eq. (20) during a cycle in this case are
almost independent of local cycle-steady temperature gradient and
local pressure gradient while they mainly depend on local pressure
variations. Figure 5a also shows that the oscillating amplitude of
the temperature near the wall is larger than that near the centerline,
which is different from the velocitypro� le as shown in Fig. 3a. This
is due to the interactionbetween the solid phase and the � uid phase
that affects the value of coef� cients b2 in Eq. (24). The � ow in the
tube in this case can be considered as a highly viscous � ow, and
the interaction between the solid phase and the � uid phase has an
important role on the temperaturepro� le. As the valueof Ri / d m is in-
creased from 0.5 to 1.0, as shown in Figs. 5b and 5c, the importance
of the wall on the temperature of the � uid becomes weaker, and the
temperature pro� le at the center becomes a parabolic shape similar
to that of velocity. For the case of Ri / d m À 1, as shown in Fig. 5d, it
can be seen that the temperature oscillatingamplitude near the wall
is small, and there is temperature overshoot near the wall while it
appears to be a plug � ow near the centerline.This indicates that the
effect of thermal condition of the wall on the temperature pro� le of
the � uid is also con� ned in a thin layer, and its shape is very similar
to the velocity pro� le. Note that the overshoot of the temperature
pro� le is similar to that of velocity as shown in Fig. 3c. To give
physical insight to the problem, temperature variationswith respect
to time are presented in Fig. 6. For the case of Ri / d m ¿ 1, as shown

in Fig. 6a, temperaturevariationswith respect to radial locationsare
very small, that is, temperature is independent of radial locations.

We now return our attention to the Nusselt number. Substitut-
ing Eqs. (12) and (20) in Eq. (19) and recalling the de� nitions of
dimensionless quantities e , r , r s , D , and g 0 , we have

1
Nu

=
c ¡ 1

2
¡

1

2
¡

1
g 0

J1( g 0)
J0( g 0)

u

r g 0

1 ¡ r 2
b1

J1( r g 0)
J0( r g 0)

¡ r
J1( g 0)
J0( g 0)

u ¡
c ¡ 1

1 ¡ b2

r g 0 J1( r g 0)
J0( r g 0)

+
1

e r r s( D 2 ¡ 1) g 2
0

+
1

r 2 g 2
0

(25)

which shows that the Nusselt number is a complex number indicat-
ing that there is a phase shift between the heat � ux and the temper-
ature difference of the wall and the oscillating � ow. Equation (25)
also shows that the Nusselt numberdependson thermalpropertypa-
rameters r , r s , e , and c , the geometricalparameter D , and operation
conditionsparameters g 0 and u . For a certainsystem with givengeo-
metrical size and oscillating frequency of a speci� c working � uid,
Eq. (25) shows that the Nusselt number depends only on axial po-
sition and is independent of time. This is because thermal property
parameters and g 0 depend only on cycle-steady axial temperature
as a result of the linearizationof the governing equations, whereas
u depends only on axial position as we had discussed earlier. In
Eq. (25), we express the reciprocal of Nusselt number Nu for sim-
plicity. When the right side of Eq. (25) approaches to zero, Nusselt
number will approach an in� nite complex value, which indicates
that T̄s = T̄ at this singularity point.

Figure 7 shows the variations of Nusselt number with respect
to the dimensionless quantity u when Ri / d m = 1, which were
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Fig. 7 Variation of Nusselt number with respect to dimensionless
quantity Á.

calculatedbasedon the same conditionsas in Figs. 5 and 6. In Fig. 7,
the complex modulus indicates the oscillatingamplitude of Nusselt
number, whereas the phase angle indicates that there is phase shift
between heat � ux and temperature difference of the solid and the
oscillating � uid. Consider � rst the case where the � ow has a nega-
tive pressure gradient. The positive side of u in Fig. 7 corresponds
to the case having a negative temperature gradient such as in a re-
generatorof the thermoacousticmachine, whereas the negative side
of u in Fig. 7 is for the case having a positive temperature gradient
such as in the pulse tube of a Stirling-type pulse-tube refrigera-
tor. If the � ow has a positive pressure gradient, the positive side
of u would correspond to a positive temperature gradient whereas
the negative side of u would correspond to a negative temperature
gradient.

We now discuss the Nusselt numbers for the limiting cases of
1) Ri / d m ¿ 1 and 2) Ri / d m À 1 by examining the asymptoticbehav-
iors of Eq. (25). As discussed before, the � rst case corresponds to
the � ow in a narrow tube, whereas the second case may be applied
to the � ow in a tube with a large diameter.

1) At the limiting case of g 0 ! 0:

lim
g 0 ! 0

b1 = 1, lim
g 0 ! 0

b2 =
1
e

r

r s

1

1 ¡ D 2
(26)

lim
g 0 ! 0

g 2
0

Nu
= 1

r

1 + r

1
c ¡ 1

u ¡
e r r s( D 2 ¡ 1)

e r s ( D 2 ¡ 1) + r

+
1

e r r s( D 2 ¡ 1)
+

1
r 2

(27)

In Eqs. (26) and (27), we have used the limit of

lim
g 0 ! 0

J1(g 0)
g 0 J0(g 0)

= 0.5

and the limiting values of Y0( g 0) and Y1(g 0). It can be seen from
Eq. (27) thatNusseltnumberis the sameorderas g 2

0 when Ri / d m ¿ 1.
2) At the limiting case of g 0 ! 1 :

lim
g 0 ! 1

b1 =
r ¡ e

1 ¡ e
, lim

g 0 ! 1
b2 =

1
e

(28)

lim
g 0 ! 1

g 0

Nu
=

i ( e ¡ 1)

2e r

u ¡ c + 1
u / (1 + r ) + c ¡ 1

+
1

e r r s( D 2 ¡ 1) g 0

+
1

r 2 g 0

(29)

It can be seen from Eq. (29) that Nusselt number is the same order
as g 0 when Ri / d m À 1. Note that the last two terms at the right-hand

side of the Eq. (29) will also approach zero when g 0 approaches
in� nity.

Discussion
In the preceding paragraphs, we have introduced complex num-

bers to analyze the transport phenomena in an oscillatory � ow. We
represent temperature, pressure, velocity, or density, in the form
of X = X 0 + X d ei x t + i " , in which X 0 indicates the cycle-average
value, X d indicates amplitude, and " indicates phase angle. Note
that only the real part of X has physicalmeaning, which varies with
respect to time and locations. However, the dimensionless velocity
distribution u / ū given by Eq. (15) and the dimensionless tempera-
ture distribution T / T̄ given by Eq. (24) have physical signi� cance
in both real and imaginary parts. For an oscillatory � ow, the fric-
tion factor and Nusselt number also have physical signi� cance in
both real and imaginary parts. To illustrate this point, we now take
Nusselt number as an example. Traditionally, the Nusselt number is
de� ned as

Nu /
(@T / @r)r = 1

T̄s ¡ T̄
(30a)

If the real parts of T and Ts are substituted into expression (30a),
we have

Nu /
(@T / @r)r = 1

T̄s ¡ T̄
=

{(@/ @r )[Td cos( x t + " )]}r = 1

Ts,d cos( x t + " s ) ¡ Td cos( x t + " )

(30b)

where it is dif� cult to obtain a correlation equation due to its time-
dependent characteristicof physical quantities.

By the introductionof the complex algorithm, Eq. (30a) gives

Nu /
(@T / @r)r = 1

T̄s ¡ T̄
=

[(@/ @r) Td ei( x t + " )
r = 1

Ts,dei ( x t + " s ) ¡ Tdei( x t + " )

=
(@/ @r) Tdei "

r = 1

Ts,dei " s ¡ Tdei "
(31)

which shows that the Nusselt number is independentof time. There-
fore, theNusseltnumberNu givenby Eq. (31) gives the relationships
of amplitudes and phase angles between heat � ux and temperature
difference. However, note that its real part does not correspond to
the traditional de� ned Nusselt number as described in Eq. (30b).
Note that the physical meaning of the complex modulus and the
phase angle of the friction factor are similar to those of the Nusselt
number as discussed in this section.

Conclusions
We have obtainedanalyticalsolutionsbasedon the � rst-order lin-

earized equations for the friction factor and the Nusselt number of a
viscous compressible � ow oscillating at high frequencies in a tube
subjected to a cycle-steady axial temperature gradient. Particular
attention has been given to the transport phenomena for the asymp-
totic cases of Ri / d v ¿ 1 and Ri / d m ¿ 1. The former corresponds to
a tube with a small diameter (such as in the � ow of porous medium
in the regenerator) whereas the latter corresponds to a tube with a
largediameter (such as a resonant tube of the thermoacousticrefrig-
erator or a pulse tube of the Stirling-type pulse-tube refrigerator).
The results can be summarized as follows:

1) By solving the momentum equation, we found that there are
phaseshifts for axialvelocitiesat differentradial locationscompared
tocross-sectionalaveragedaxialvelocityin a tube.When Ri / d m ¿ 1,
phase shifts are very small (approaching zero in the limit), and the
complex modulus of velocity (normalizedwith respect to the cross-
sectional axial averaged velocity) appears to be of parabolic shape.
When Ri / d m À 1, theviscosityeffectsin the tubeare con� nedwithin
a thin layer with velocity overshoot occurring near the wall, and
the � ow in main domain appears almost as a plug � ow. The fric-
tion factor of a viscous compressible oscillating � ow in a tube has
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been theoretically determined. It is shown that the friction factor
depends on the axial cycle-steady temperature and is a complex
number becauseof the phase shift between the cross-sectionalaver-
age velocity and pressuregradient.These characteristicsdiffer from
that of steady unidirectionalviscous incompressible � ow in a tube.

2) By solving the energy equations of the � uid and solid phases,
a closed-form analytical solution for the temperature distribution
in the � uid is obtained. When Ri / d m ¿ 1, oscillating amplitudes of
temperature have an almost uniform pro� le, which is independent
of radial locations and the phase angles in different radial posi-
tions approach to a zero degree. In this case, the � ow in the tube
can be considered as a highly viscous � ow, and the interaction be-
tween the solid phase and the � uid phase has an important role
on the temperature pro� le. For the case of Ri / d m À 1, it is shown
that the effect of solid/� uid interaction on the temperature pro� le
is con� ned in a thin layer, similar to the velocity pro� le. There is
overshoot in the temperature pro� les, which are similar to those
of velocity pro� les. The interaction of the thermal condition of the
wall on the temperature of the � uid can be neglected at the re-
gion near the centerline, which shows a � at pro� le. A closed-form
analytical solution for the interfacial Nusselt number has been ob-
tained. It is shown that the Nusselt number is also a complex num-
ber, which indicates there is a phase shift between the wall heat
� ux and the temperature difference between the wall and the os-
cillating � ow. The Nusselt number is shown to be dependent on
thermal property parameters r , r s , e , and c , the geometrical pa-
rameter D , and operation conditions parameters g 0 and u , and its
value depends on the axial position and it is independent of time.
Two limiting cases of the Nusselt number have been discussed, and
the result show that the Nusselt number is the same order as g 2

0 when
Ri / d m ¿ 1, whereasthe Nusseltnumber is the same order as g 0 when
Ri / d m À 1.
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